Linear plane wave propagation and normal transmission and reflection at discontinuity surfaces in second gradient 3D Continua
Introduction
In [45] , [44] and [46] a complete and consistent continuum theory allowing for the dependence of deformation energy on second gradient of placement is presented, which systematizes a series of results presented in [47] , [48] , [49] , [96] , [97] , [70] , [71] , [72] [16] and [17] . Second gradient continuum theory does not fit Cauchy format for continuum mechanics. For this reason, only recently the it was appreciated (see [34] ). Second gradient constitutive equations have been recognized to be essential in describing interface phenomena in phase-transition (see e.g. [25] , [18] , [88] , [89] ). More recently, second gradient constitutive equations are being considered of interest also for solids (see, among many others, e.g. [52] , [95] , [94] , [69] , [100] , [3] , [54] , [55] , [57] , [59] , [56] , [58] , [101] ), [93] . Second gradient continua are a particular instance of multipolar continua, often also called higher order continua, in which the state of deformation is described by the first n−order gradients of displacement and consequently the state of stress has to be modelled by means of n independent stress tensors (see [47] , [48] , [49] ). Moreover the differential equations which govern the evolution of multipolar continua are of higher order and need boundary conditions more complicated than those used in Cauchy continuum models. Especially this circumstance caused many controversies and discussions about the physical meaning of the various kind of boundary conditions which were proposed (see e.g. [9] ). Many controversies which arose in the past about the importance and use of second gradient models concerned the physical interpretation of the required boundary conditions and the need of establishing measurement procedures for second gradient constitutive parameters.
The first issue arises whenever a novel theory is introduced by means of the least action principle or by means of Hamilton-Rayleigh principle or by means of the principle of virtual work. The needed interpretation of the obtained boundary conditions has been, in our opinion, satisfactorily given by Germain, Green, Rivlin, Toupin and Mindlin. It has to be clearly remarked (although this statement may be considered obvious) that boundary conditions obtained by means of a Least Action Principle or a Principle of Virtual Works are easily seen to be mathematically well-posed, once suitable assumptions are accepted on deformation and dissipation energy functionals.
In this paper, we propose to address the second issue (i.e. how to determine experimentally some of the introduced second gradient constitutive parameters): to do so we study plane waves in second gradient solids and their reflection and transmission at planar surfaces in which displacement and/or its normal derivative may suffer a jump. Our aim is to start, for second gradient solids, to generalize the classical study of wave propagation which, for standard first gradient elastic media, is presented in many textbooks. We found particularly interesting -among those more often used- [50] and [51] . This extension is feasible but non-trivial: for instance we needed to extend the treatment due to [18] to second gradient solids. In quoted paper the mechanical energy balance for second gradient fluids is established in Eulerian description. We extend it to second gradient solids by using a Lagrangian description.
About the important question concerning the phenomena which may be described by means of second gradient models there is a rather widespread agreement in the literature: many interesting boundary layer phenomena, related to the underlying micro-structure, can be accounted for by means of these models and these boundary phenomena may greatly influence wave propagation, transmission and reflection. To our knowledge, only in [96] such a theoretical study has been initiated, even if only for a particular class of second gradient continua: those for which double contact forces reduce to contact couples. Toupin studies accurately how dispersion formulas change when considering second gradient continua: with few modifications we can use his results as they are. However, we needed to prove that second gradient constitutive parameters determine, in a measurable manner, how planar waves behave at considered discontinuity surfaces. The novel results presented here can be the basis of experimental procedures to estimate some of second gradient constitutive parameters. Indeed, we show that for some kinds of boundary conditions the reflection and transmission coefficients remarkably depend on second gradient elastic moduli and that this dependence is increased when the frequency of the incident wave increases. We also showed the influence of second gradient elastic moduli on the dependence on frequency of transmission and reflection coefficients and performed a preliminary comparison with some experimental results which have attracted our attention ( [62] ).
The principal aim of this paper is to explicitly show how second gradient theories allow for the description of frequencydependent reflection and transmission phenomena at a discontinuity surface between two continua. Indeed, this dependence on frequency of the amount of transmitted/reflected energy is experimentally often observed (see e.g. [37] ) and is related on particular physical phenomena occurring in the medium due to the interaction of the propagating wave with an underlying micro-structure. Indeed, experience shows that many characteristics of reflected/transmitted waves often depend on the frequency of the incident wave. Nevertheless, this dependence is not taken into account by classical continuum models. A second gradient theory, on the other hand, allows for the possibility of describing some of the observed frequency-dependent phenomena since it is capable of taking into account the existence of a micro-structure at smaller scale, while classical Cauchy continuum theory is based on the hypothesis that the medium which it describes is completely homogeneous at microscopic level, i.e. that any kind of heterogeneity is present inside a Representative Elementary Volume of the continuum matrix. On the contrary, as in reality a perfectly continuum medium does not exist, all media are heterogeneous at a sufficiently small scale. If the wavelength of the travelling wave is comparable to the characteristic length of the underlying micro-structure (e.g. spacing between the heterogeneities at the micro-scale) then the propagation phenomena will be consistently affected by the presence of these heterogeneities. Instead, if the wavelength is sufficiently bigger than this characteristic length then the medium will behave rather as a continuum and the propagation phenomena will be poorly affected by the presence of a heterogeneous micro-structure. These expected frequency-dependent phenomena related to the presence of a heterogeneous micro-structure are forecast by our model and are carefully discussed in the section 6 of this paper.
On the other hand, the problem of extending the presented results to the case of non-orthogonal plane waves and to more general boundary conditions including surface mechanical properties of the interface and to wave propagation in second gradient porous media will be addressed in future investigations. Further generalization should also include the study of propagation of waves in non-linear/non-isotropic second gradient continua. This could be done generalizing the results presented e.g. in [35] , where some interesting results on wave propagation in pre-stressed anisotropic media are presented.
Copyright line will be provided by the publisher First of all we must remark that, although second gradients of displacement are introduced in the proposed model, it remains linear when considering its application to wave propagation. This means that, in the presented treatment, we can continue to use the so called "principle of superposition of effects". We are aware of the fact that real waves are not monochromatic: however reasonably "narrow" Fourier spectra are experimentally feasible when producing acoustic waves (see e.g. [62] ). Secondly we are also aware that at the interface of different solids many phenomena may occur: related to sharp variations of elastic moduli, imperfections, non-perfect adhesion and so on. Interfaces may be sharp or may have a thickness of the order of magnitude of the wavelength. Moreover, the interfaces may be endowed with mass, deformation energy, frictional properties and other physical properties. Many investigations has been made in this field: we consider very interesting those presented in [73] or in [75] , [76] , [77] , [78] , [80] which suggest how in our model one could incorporate micromechanical, frictional effects or interfacial roughness and nonlinearities. Moreover, if some uncertainties or inhomogeneities are present at a "microscopic" level in the neighborhood of the interface then the methods developed in [12] or [22] would allow the formulation of suitable "interface balance of energy" by generalizing the condition formulated in the present paper: the methods presented in cited papers seem most suitable as they are capable to account for nonstationary processes also .
Using the Archimedean spirit we would like to focus our attention only to those phenomena which may be described by second gradient models: a good experimental setup has to be conceived to isolate (exactly!) the phenomena which presented model can describe distinguishing them from all the others. One has to be aware that there are left (as it always happens!) relevant phenomena which we refrain from modelling here. Indeed, this is exactly the most suitable approach to be used: introducing too complex models could imply the need of very complicated numerical simulations (see e.g. the efforts needed in [79] to attack what is a rather simplified model of contact phenomena).
In second gradient continua two kinds of contact actions are possible: they correspond, at a microscopic level, to shorter range and longer range interactions. These two kind of contact interactions are related to two different kinds of macroscopic deformation energies: depending respectively on strain and strain gradient.
Longer range (or second gradient) interactions may be the source of boundary layers at discontinuity surfaces. We want to understand how to detect these boundary layers by means of measurements of the intensity of transmitted and reflected monochromatic waves. Therefore we assume that it is possible i) to prepare an interface thin enough and ii) to send towards it a monochromatic plane wave having a wavelength greater than the interface thickness but comparable with the range of long interactions.
We consider few boundary conditions which arise naturally in the framework of the theory of second gradient continua. One of these boundary conditions is based on the assumption that at the transmitting and reflecting interface the displacements of the two half spaces are arbitrary and that the mechanical connection between them is assured only by "long range" (second gradient) contact actions: in the remainder of this paper we will call this constraint "generalized internal roller". Such an assumption can account for an interface which has been "weakened" with respect to the "undamaged" solids which it is connecting: it is clearly valid only when these displacement are small enough. When displacements are large or when the solids in contact are porous and infused by a fluid then shock waves may be initiated and more generally impact phenomena can be of relevance at the interface: in these case the study presented in Carcaterraet al. (2000) and may indicate some useful generalizations of the boundary conditions which we present here.
In conclusion: the present paper wants to establish some theoretical predictions which are valid under all previously listed assumptions. This seems to be reasonable and experimental setups described by the presented model seem physically feasible. Indeed the preliminary comparison with some experimental data which we could find in the literature ( [62] ) shows that the dependence of reflected wave intensity on frequency which we forecast is, at least qualitatively, similar to those they measured .
Mechanical energy transport in second gradient continua
In this section we deduce, starting from the appropriate equation of motion, the mechanical energy conservation law for a three-dimensional second gradient continuum. Similar results can be found in [18] for second gradient fluids.
Let χ : B × (0, T ) → R 3 be the placement map which, at any instant t, associates to any material particle X ∈ B its position in the physical space. The displacement field is then defined as u(X, t) := χ(X, t) − X. We set F := ∇χ and we denote by ε := (F T · F − I)/2 the classical Green-Lagrange deformation tensor. Let ρ be the mass per unit volume of the considered continuum in its reference configuration, we introduce, by means of [33] or [86] for a variational deduction of the equations of motion for second gradient materials)
Differentiating Eq. (1) with respect to time and using Eq. (2), it can be shown that
In the calculations for obtaining Eq. (3) we used the fact that ε is a second order symmetric tensor, that ∇ε is a third order tensor symmetric with respect to its first two indices and that ∇F is a third order tensor symmetric with respect to its last two indices. Thus this last equation represents the Lagrangian form of energy balance for a second gradient 3D continuum in the general non-linear case.
We now want to focus our attention to the particular case of linear elasticity in order to study linear plane waves in second gradient 3D continua. To this purpose, we note that, when linearising in the neighbourhood of a stress-free reference configuration, the gradient of placement F in Eq. (3) is substituted by the identity matrix and that the equation of motion and mechanical energy balance for a second gradient continuum respectively reduce to
where, following the nomenclature of Germain, S and P are the linearised Piola-Kirchoff first and second gradient stress tensors respectively. In order to lighten the notation, however, we will refer to these two tensors simply as stress and hyper-stress tensor respectively. It is well known that in the case of isotropic material S = 2 µ E + λ (trE) I, where E = (∇u+(∇u) T )/2 is the linearised Green-Lagrange deformation tensor and λ and µ are the so-called Lamé coefficients. As for the hyper-stress third order tensor P, it can be shown (see e.g. [?] DSV that in the case of isotropic materials it takes the following simplified form
where c 2 , c 3 , c 5 , c 11 and c 15 are constants depending on the material properties of the considered second gradient continuum. As it will be seen to be useful later on, we define the following coefficients
which parallel the first gradient Lamé coefficients λ and µ.
Dispersion Formulas
Let us now consider a wave travelling in the considered second gradient continuum. We denote by x 1 the axis of a reference frame the direction of which coincides with the propagation direction and by x 2 and x 3 the other two directions forming a Cartesian basis with x 1 . We assume that the displacement vector has three non-vanishing components depending only on the x 1 coordinate and on time, i.e. u(x 1 , t) = (u 1 (x 1 , t), u 2 (x 1 , t), u 3 (x 1 , t)). In the following we will say that we are in 1 The symbol div stands for the usual divergence operator, e.g. 
where we clearly denote by an apex the partial differentiation with respect to the space variable x 1 . Using (7) to calculate the stress and hyper-stress tensors S = 2µE + λ(trE) I and P (see Eqs. (5) and (6)), the equation of motion (4) 1 takes the following form
We notice that the equations of motion obtained in this unidirectional wave propagation are completely uncoupled due to the particular constitutive relations assumed for isotropic, linear elastic, second gradient continua. Moreover, the conservation of energy (4) 2 gives ∂E/∂t + H = 0 where we denote
the energy flux in the considered particular case. We also remark that M and Λ+2M are positive due to definite-positiveness of the internal energy (see e.g. dell 'Isola et al. (2009b) ). We now assume that the displacement field admits a classical wave solution in the form
where the eigenvector (α 1 , α 2 , α 3 ) gives the longitudinal and transversal amplitudes of the considered wave, ω is the positive real frequency and k its wave number. Using this wave form for u in the equations of motion for longitudinal and transversal displacement (8) and (9) we get the following dispersion relations for a second gradient continuum
where k 1 is the wave number relative to the eigenvector (1, 0, 0), k 2 and k 3 are the wave numbers relative to the eigenvectors (0, 1, 0) and (0, 0, 1) respectively. Since we are dealing with isotropic media, the two transverse dispersion relations coincide: in what follows we therefore shall ignore the last dispersion relation. Because of isotropy, the waves arising in considered medium can be either purely transversal or purely longitudinal. We now look for non-dimensional form of these relations by setting: k 1 = k lkl , ω = ω lω for longitudinal waves and k 2 = k tkt , ω = ω tω for transverse waves. Here k l (or k t ), ω l (or ω t ) are characteristic values of the wave number and of the frequency for longitudinal (or transverse) waves respectively; moreover,k l ,k t andω are the corresponding dimensionless variables. This leads to
where L l := (Λ + 2M )/(λ + 2µ) and L t := M/µ are the characteristic length of second gradient interactions for longitudinal and transversal waves respectively. To our knowledge, similar dispersion formulas for a particular class of second gradient materials has been already studied only by [96] . We finally choose k 2 l and k 2 t to be such that the coefficients ofω 2 in the two dispersion relations are both equal to one and hence we get
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The dispersion relations thus reduce to
where we set
In other words, the introduced quantity l (or t ) is the ratio between the characteristic second gradient length and the wave length for longitudinal (transverse) waves. The chosen non dimensional form of the dispersion equations implies that whenω = 1, then the dimensional frequency ω takes the characteristic value ω = ω l = l L l (λ + 2µ)/ρ in the case of longitudinal waves and the value ω = ω t = t L t µ/ρ in the case of transverse waves. Analogously, whenk = 1, then the dimensional wave number takes the characteristic value k 1 = k l = l /L l in the case of longitudinal waves and the value k 2 = k t = t /L t in the case of transverse waves.
The relationships between the dimensionless wave number and frequency is thus easily recovered both for longitudinal and transverse waves by solving the bi-quadratic equations (13):
If we consider the positive real numbers
the four roots associated to longitudinal waves are clearly ±k (12)). As we will see in more detail later on, the rootsk p are associated to propagative waves which are a second gradient generalization of the waves propagating in a first gradient material, while the rootsk s are the so-called standing waves (or evanescent waves) (see e.g. [50] , [51] , [15] ) and are peculiar of second gradient models. These standing waves will be seen to play a significant role close to material discontinuity surfaces in second gradient continua where phenomena of reflection and transmission may occur. Indeed, there are other physical situations in which standing waves may appear. For instance, [82] showed that this may occur when studying coupling between the transversal displacement u and the longitudinal displacement w in one-dimensional beams.
Natural and kinematical boundary conditions at surfaces where displacement or normal derivative of displacement may be discontinuous
The problem of finding boundary conditions to be imposed at discontinuity surfaces is always challenging for the modelling of any physical phenomenon. Indeed, the only possible method which leads to surely well-posed boundary conditions, compatible with the obtained bulk equations of motion, is to use a variational principle. This is the case also when looking for the correct set of boundary conditions associated to the motion of a second gradient continuum. We just recall here the boundary (or jump) conditions found for a second gradient material in dell'Isola [33] or [86] . The boundary conditions on the considered discontinuity surface S, in absence of external surface and line actions, can be deduced from the following duality conditions
The first two of these conditions are valid on S while the last one is valid on the edges of S, if any. In the previous formulas (16) we set
Copyright line will be provided by the publisher Moreover, n is the unit normal vector to the surface S, div S stands for the surface divergence operator on S, if the edge is regarded as the border of a surface then ν is the normal vector to the considered edge which is tangent to the surface, δu is the variation of the displacement field and (δu) n := ∇(δu) · n stands for the normal derivative of the variation of the displacement field. Finally, given a quantity a defined everywhere and having continuous traces a + and a − on the two sides of S respectively, we have set [|a|] := a + − a − (we use the same symbol for the jump across edges). When choosing arbitrary displacement variation δu continuously varying through S and arbitrary normal derivative (δu) n continuously varying through S in equations (16), one gets a particular set of natural jump conditions, which can be interpreted as the vanishing jump of internal surface forces ([|t|] = 0), the vanishing jump of internal surface double forces ([|τ |] = 0) and the vanishing jump of internal line actions ([|f |] = 0) respectively (see [45] and Germain (1973b) for the first introduction of the concept of contact double force). Indeed, if it happens that the displacement field, due to a particular constraint, verifies the particular equation δu − = δu + =: δu (vanishing jump of the displacement field), and δu is arbitrary, then in order to fulfil conditions (16) 1 and (16) 3 one must require that also the jumps of the dual quantities to δu (i.e. surface forces and line forces) are vanishing. Analogously, if the normal derivative of displacement is assigned to be equal on both sides of S and this common value is arbitrary, then in order eq. (16) 2 to be verified one must also impose continuity of internal double forces. Conditions of the type δu − = δu + , or any similar relationship among δu ± and (δu) ± n , are called kinematical boundary conditions. Once the kinematical boundary conditions are chosen, the associated dual conditions necessary and sufficient to fulfil duality conditions (16) , are called natural boundary conditions associated to the chosen kinematical ones. Therefore, in addition to those previously discussed, other kinematical choices are possible in the previously formulated duality conditions, these choices being indicated by the admissible kinematics of the considered system or, in simpler words, by the considered phenomenology. We discuss here some kinematical constraints for second gradient continua, which we call generalized internal clamp, generalized internal hinge and generalized internal roller and the natural boundary conditions associated to them.
• Generalized internal clamp.
We define this constraint imposing the continuity of both the displacement u and the normal derivative of displacement ∇u · n (and therefore of the test function δu and of its normal derivative (δu) n ) at the discontinuity surface S which from now on we assume to be regular (i.e S has no edges). As already noticed, in this case boundary conditions are
If we consider unidirectional wave propagation, and if we choose a flat surface S such that its normal is given by n = (1, 0, 0), then the jump conditions (17) particularize into
•
Generalized internal elastic hinge
We introduce the constraint of generalized internal elastic hinge at surface S assuming that there exists a surface deformation energy density Ψ S localized on S, quadratically dependent on the surface relative displacement. In other words, we assume that u + and u − can be different, and can vary independently. In formulas, the introduced surface deformation energy density is given by:
where we denoted by u the tangential component of the displacement u. When both surface elastic moduli k n S and k S tend to infinity, this energy will impose continuity of displacements at S. We will assume that (δu) + n and (δu) − n can independently take arbitrary values on the two sides of S. These last conditions, together with the duality condition (16) 2 , imply that the double forces must be separately vanishing on the two sides of S. In formulas, the four conditions for a generalized elastic hinge can be seen to read
where we denoted by t + the tangential component of the force t + on the + side of S. More complex surface contact phenomena may be eventually modelled by means of more sophisticated boundary conditions. In this context future Copyright line will be provided by the publisher [73] , [75] , [76] , [78] , [79] . In the considered unidirectional wave propagation these conditions reduce to
• Generalized 3D internal roller
We define the last kind of kinematical constraint considered in this paper which we call generalized roller and which is defined in such a way that it allows independently arbitrary displacements on both sides of S (which implies separately δu + and δu − to be arbitrary) and such that the normal derivative of displacement is continuous through S (i.e. [|∇u · n|] = 0). The first condition together with eq. (16) 1 implies that the generalized force must be separately vanishing on both sides of S, while the second condition implies continuity of double forces through S. Hence the four conditions for a generalized roller are
It can be shown that in the considered unidirectional propagation case these equations simplify into
As occurs for the dispersion relations, also for the boundary conditions, we can notice that in the considered linearelastic case, they are completely uncoupled in the longitudinal and transversal displacement due to isotropy and to the fact that the displacement only depends on the x 1 variable.
Transmission and reflection at discontinuity surfaces
Let us now recall that we are considering a flat discontinuity surface S inside the considered second gradient continuum. We denote by n the unit normal to S and we choose the fixed reference frame in such a way that n points in the x 1 direction: we are assuming that the vector n is always the same at any point of S (see Fig.1 ). As before, we denote by x 2 and x 3 the other two directions of the fixed reference frame forming a Cartesian basis with x 1 . Using the equations of motion (8) and (9) on both sides of S and the linearised jump conditions (18), (21) or (23), we are able to describe the motion of two different isotropic, linear-elastic second gradient continua which are in contact through the discontinuity surface S and considering three different constraints at this surface (generalized internal clamp, generalized internal hinge and generalized internal roller). Nevertheless, in this paper we limit ourselves to the case of two second gradient continua with the same material properties (same first and second gradient elasticity parameters) in contact through the surface S at which we impose the three generalized types of constraints discussed before.
Let us start by studying the case of longitudinal waves (the involved field is then the one we previously denoted by u 1 ) impacting at the interface S and then we will repeat the reasoning for transverse waves (the involved field is then u 2 ): this is allowed to the fact that the obtained problem is completely uncoupled with respect to longitudinal and transversal displacements.
Then let us consider an incident longitudinal wave u l i propagating in the x 1 direction and defined as
where α l i is the amplitude of the incident (subscript i), longitudinal (superscript l) wave which we assume to be assigned, ω is the real positive frequency of such an incident wave and, k number associated to the propagating wave travelling in the x 1 direction. When this wave reaches the interface S reflection and transmission phenomena take place (see Fig. 2 ). We call u (12)) is the positive real wave number associated to the standing wave and that the standing reflected wave vanishes as x 1 approaches −∞. Analogously, the transmitted wave is may be represented by
where α l t is the amplitude of the propagative transmitted wave travelling in the x 1 direction and β l t is the amplitude of the standing transmitted wave. Note that the standing transmitted wave vanishes as x 1 approaches +∞. We remark that, among the two possible standing reflected (transmitted) waves we did not consider that one which diverges as x 1 → −∞ (x 1 → +∞), as we assume a Sommerfeld-type condition at infinity.
As we want to deal with dimensionless quantities, we introduce the non-dimensional counterpart of these displacements by considering the non-dimensional variablest = ω l t andx 1 = k l x 1 , where the characteristic quantities ω l and k l have Copyright line will be provided by the publisher 
where clearly we setα (14) and where the dimensionless frequencyω = ω/ω l has been defined in section 3.
It is clear that once the frequency and the first and second gradient elasticity parameters are given, the only unknowns of the reflection/transmission problem are the four amplitudesα (18) 1 , (21) 1 and (23) 1 at x 1 = 0, we can finally recover the expression of the four amplitudes for each of the three types of constraints considered.
As for the generalized internal clamp, the non-dimensional jump conditions (18) in the considered case in which the two continua on the two sides of S have the same material properties simply read
where, with a slight abuse of notation, we indicate with an apex the derivation operation with respect to the dimensionless space variablex 1 . Replacing the aforementioned wave form for non-dimensional displacements in these boundary conditions we calculate the following non-dimensional amplitudes for longitudinal waves 
This means that in the case of a perfect internal clamp at the surface S, the incident wave is completely transmitted. This result is not astonishing if we think that the two materials on both sides of S have been chosen to have the same material properties: indeed, it is as if there were no discontinuity at all and hence the incident wave proceeds unperturbed across the surface S.
• Generalized elastic internal hinge.
As for the generalized elastic internal hinge between two continua with the same material properties, the non-dimensional form in the normal direction of jump conditions (21) reads
where we introduced the dimensionless rigidityk n S = k n S /(k l (λ + 2µ)). This non-dimensional choice implies that whenk n S = 1 then the dimensional rigidity takes the value k n S = k l (λ + 2µ). The physical meaning of the rigidityk n S can be intuitively got by thinking to the considered constraint as a series of elastic springs (of rigidityk n S ) joining the two sides of the discontinuity. Whenk n S goes to infinity, then the springs become infinitely stiff so that the displacement on the two sides of the discontinuity takes the same value and the introduced constraint particularizes to a generalized internal hinge. We explicitly remark that the non-dimensional form of the rigidity previously introduced is just one possible choice: this choice does not affect the physical interpretation of the limiting value ofk n S which we have just given.
It is easy to prove that in the limit case of the elastic constantk n S to infinity these boundary conditions reduce to We will refer to this limit case as generalized internal hinge in virtue of the continuity of displacement which is imposed at the discontinuity surface. This constraint differs from the generalized internal clamp defined by means of Eqs. (27) because the double force (second derivative of displacement) is zero on both sides of the discontinuity, while it can take an arbitrary value in the case of the clamp (even if this value must be the same on both sides). The similarities of the considered 3D constraints with the classical internal hinge and clamp for Euler-Bernoulli beams can be immediately pointed out. Indeed, as far the generalized internal hinge is considered, equation (30) gives continuity of double forces (continuity of couples in the case of Euler-Bernoulli beams) which also implies Eq.
( (27) 2 ) by duality. Indeed this constraint is the 3D counterpart of the internal clamp used in the theory of beams.
Using the considered wave form for displacements in boundary conditions 29, the calculated non-dimensional amplitudes take the form
In the limit of elastic constantk n S to infinity we have the case of the internal hinge and the calculated non-dimensional amplitudes take the following simplified form
• Generalized 3D internal roller.
Finally, if we consider a generalized roller between two continua with the same material properties, the non-dimensional form of jump conditions (23) reads
Using the considered wave form for dimensionless displacements in these boundary conditions we get the following values for non-dimensional amplitudes
Let us now consider the case of transverse waves travelling in the x 1 direction. As done for longitudinal waves, we introduce the incident transversal displacement as: The obtained equations for transversal waves are formally analogous to longitudinal ones, since one has just to replacẽ u 1 withũ 2 and all the subscripts and superscripts l with the subscripts and superscripts t respectively. Repeating the calculations performed for longitudinal waves, we can then calculate the four amplitudesα
Dependence of transmission and reflection coefficients on second gradient elastic moduli
In this section we will show plots displaying the reflection and transmission coefficients at discontinuity surfaces of the three types considered before as functions of second gradient elastic moduli. To do so, we start by noticing that owing to the fact that the problem is completely uncoupled in the longitudinal and transversal displacements, we can account separately for the energy fluxes of longitudinal and transversal waves. Moreover, due to the linearity of the problem in study, we can consider separate contributions for the fluxes of the incident, reflected and transmitted waves which, starting from expression (10), can be written in terms of the introduced non-dimensional variables respectively as
where we recall that, with a slight abuse of notation, the apex and the dot stand here for the derivation operations with respect to the introduced dimensionless space and time variables. A simple inspection of Eqs. (33) , and recalling that the displacement field take the wave form (11), shows that for higher frequencies and shorter wavelengths (i.e. larger wave number k) the amount of energy transported because of second gradient effects increases. The corresponding energy fluxes for transversal waves are formally analogous and are obtained from the previous ones just replacing everywhere the apex l with the apex t and the parameter l with the parameter t . In order to be able to calculate the reflection and transmission coefficients for the considered problem, we substitute in Eqs. (33) the wave forms (24) , (25) and (26) for the displacements and we calculate the integrals over the period 2π/ω of the introduced energy fluxes. It can be shown that, due to conservation of energy, these integrals do not depend on the space variablex 1 . Owing to this independence on the variablex 1 , in order to simplify calculations, we can simply introduce these integrals as
We are then finally able to introduce the reflection and transmission coefficients for longitudinal waves as
, which are such that R l + T l = 1. The reflection and transmission coefficients R t and T t for transversal waves are formally analogous. We show in the following figures the behaviour of reflection and transmission coefficients in terms of both the second gradient parameter and the frequency ω. These figures refer to both the longitudinal and transversal case: one has just to interpret as l and t respectively. Referring to Fig.3 , we can start noticing that, when the second gradient parameter tends to zero, the generalized internal hinge (continuity of displacement and arbitrary normal derivative of displacement at the considered surface of discontinuity) implies that all the energy is transmitted independently on the value of the frequency. If the second gradient parameter is not vanishing, then the value of the frequency starts to play a role on the amount of energy which is transmitted or reflected. In particular, for very low frequencies (approaching to zero), the energy of the travelling wave continue to be almost completely transmitted independently on the value of the second gradient parameter 2 . When increasing the frequency, the fact that the normal derivative of displacement at the discontinuity can take arbitrary value on both sides starts to play a role in the sense that the amount of reflected energy starts to increase, while the amount of transmitted energy decreases. This behavior can be directly related with the fact that, as it is well known (see e.g. [70] , [71] , [96] and [97] ), second gradient theories take into account the existence of an underlying micro-structure even if remaining in the framework of a macroscopic model. More particularly, the fact that, for a given value of the second gradient parameter, an increasing frequency implies an increased amount of reflected energy can be explained if one thinks that the wavelength of the travelling wave decreases and becomes comparable to the characteristic length of the heterogeneities that are present in the material at a microscopic level. In other words, for very large wavelengths (small frequencies) the medium can be reasonably considered homogeneous even very close to the interface of discontinuity. In this case, when the considered wave reaches the interface, the continuity of displacements guarantees that the wave can continue undisturbed its path across the discontinuity itself. On the other hand, for smaller wavelengths (higher frequencies) the medium cannot longer be considered homogeneous since the wave starts interacting with the underlying microscopic heterogeneities. More precisely, high frequency waves activate "long range interactions" at the microscopic level which result in an increasing amount of energy transported in the bulk because of the time derivative of displacement gradient (see Eqs. (33) and subsequent considerations or, more generally, Eq. (4)). However, normal strains (normal gradient of displacement) at the two sides of the discontinuity interface are uncoupled because of the chosen boundary condition (generalized internal hinge) so that this amount of energy propagating because of microscopic interactions is actually reflected at the interface. The two just considered circumstances can be physically interpreted as follows: high frequency waves propagating in the bulk activate long-range interactions at a microscopic level and induce coupled deformations of close microscopic deformable structures, with a non-negligible amount of energy travelling because of this coupling. However, since at the considered interface we F o r P e e r R e v i e w assume that close microscopic structures situated at different sides are uncoupled, the amount of energy transported by these microscopically-interacting structures can only be reflected. Always referring to Fig.3 , we can finally remark that, for a fixed value of the frequency (and hence of the wavelength 1/k l ), the amount of reflected energy increases for increasing values of the second gradient parameter up to the value 2 ≈ 4 and then it takes an almost constant value for greater values of 2 . This is completely sensible and it means that, for a fixed value of the wavelength (1/k l ), the amount of reflected energy increases with the value of the second gradient parameter ( = L l k l ) in the range of values in which is sufficiently close to one (or equivalently in the range in which the considered wavelength is comparable to the second gradient characteristic length L l ). In this range, the amount of reflected energy becomes more and more important when increases since the considered wavelength becomes comparable to the value of the second gradient characteristic length. For values of the second gradient parameter larger than four (or equivalently L l > 4/k l ) the amount of reflected (transmitted) energy has a less relevant variation.
Considerations for the generalized internal roller are completely reversed with respect to those just made for the generalized internal hinge and can be deduced from Fig.3 reversing the curves of reflection and transmission coefficients. We start by noticing that when the second gradient parameter tends to zero, all the energy is reflected at the considered interface. Moreover, we notice that for very small values of the frequency (approaching to zero) approximately the total amount of the energy is still reflected independently on the value of the second gradient parameter. As before, this can be explained with the fact that, as the wavelength is sufficiently large then the medium can be considered homogeneous, and that the considered constraint allows arbitrary displacements on both sides of the considered interface. In some sense, it is like the interface was a free interface (no other medium on the other side) so that the incident wave can be reflected only. On the other hand, for non-vanishing values of the second gradient parameter and for increasing values of the frequency, some of the incident energy starts to be transmitted. As before, this can be explained with the fact that, for decreasing wavelengths, the wave starts interacting with the micro-structure on the other side of the discontinuity surface. This means that the heterogeneities "start moving" at the microscopic level and create some mechanical interactions between the two sides of the considered interface, so allowing some energy transmission. The fact that for a fixed frequency the generalized roller allows for an increasing transmitted energy when increasing the value of the second gradient parameter up to the value 2 ≈ 4 can be as before be explained by considering that the second gradient interactions becomes more important when the wavelength becomes comparable to the characteristic second gradient length. Referring to Fig.4 , we can notice once again that, for a generalized internal hinge and once fixed the value of the second gradient parameter, an increase in the frequency results in an increased amount of reflected energy and hence in a decreasing of the transmitted one. Moreover, one also recovers that, for sufficiently large frequenciesω, the amount of reflected energy increases withω for values of the second gradient parameter up to a given threshold, while it keeps an almost constant value for values of the second gradient parameter larger than the threshold: this behavior was already noticed when analysing F o r P e e r R e v i e w Fig.3 . Indeed, in Fig.4 we can indirectly observe a boundary layer effect which was not detectable in the previous figure: a very small increase in the frequency imply a sudden increase of the amount of reflected energy for big values of the second gradient parameter. This means that for high values of the second gradient parameter the characteristic length which measures the spacing between the heterogeneities at the microscopic level is so large (i.e. the heterogeneities are so dispersed) that the energy can be completely reflected only when the wavelength tends to infinity (frequency tends to zero). In other words, the heterogeneities are dispersed enough that the medium can be considered as homogeneous only for very large wavelengths and, for some reason (e.g. very different stiffness of the inclusions with respect to the matrix), the presence of these heterogeneities cannot be neglected at the macroscopic level. Analogous considerations for the generalized internal roller can be done starting from Fig.4 and reversing the reflection and transmission coefficient. Figure 5 shows reflection and transmission coefficients for a generalized elastic internal hinge as a function of the second gradient parameter, for a fixed value of the frequency and for different values of the elastic rigidity at the interface. As we already noticed this constraint reduce to the generalized internal hinge when the rigidityk n S tends to infinity. It can be remarked from this figure that when the elastic rigidity tends to zero, then this constraint reduces to the generalized internal roller. We can notice that a critical value of the elastic rigidityk n S = 5 exists corresponding to which a switch can be observed. More precisely, for values of the rigidity between 0 and 5 the larger amount of energy is reflected so that the considered constraint basically behave like a generalized internal roller. For values of the rigidity bigger than 5 a critical value of the second gradient parameter exists such that for 2 smaller than this critical value the bigger amount of energy is transmitted (the constraint behave as a generalized internal roller), while for for 2 bigger than this critical value the larger amount of energy is reflected (the constraint behave as a generalized internal hinge).
As for Fig.6 , considerations analogous to those previously done before can be repeated. We start remarking that in the case of a generalised elastic internal hinge a critical value of the frequency (betweenω = 1 andω = 2) exists corresponding to which another switch can be observed. More precisely, for values of the frequency smaller than this critical value the larger amount of energy is transmitted and the considered constraint basically behave like a generalized internal hinge. For values of the frequency bigger than this critical value, a critical value of the second gradient parameter exists such that for 2 smaller than this critical value the larger amount of energy is transmitted (the constraint behaves more like a generalized internal hinge), while for higher values of the second gradient parameter the larger amount of energy is reflected (the constraint behaves more like a generalized internal roller). This behavior can be explained if one thinks that the considered constraint can be thought as a surface distribution of elastic springs of rigidityk n S between the two sides of the considered interface. For a fixed value ofk n S and for very small frequencies it is reasonable that the spring remains at rest so that the jump of displacement between a point on one side of the discontinuity and the corresponding point on the other side is vanishing and the energy can be transmitted through the discontinuity (the constraint behaves like a generalized internal hinge). When increasing the frequency, it is easy to understand that a threshold value (of the frequency) exists corresponding to which the springs start elongating and hence a loss of contact between the two sides of the interface arrives resulting in a decreasing of the transmitted energy. How the energy can be trapped in motions of extra degrees of freedom localized at the interface could be studied using the methods presented in [14] and [13] . The critical value of the second gradient parameter can be explained by thinking that for 2 smaller than this critical value the heterogeneities at the microscopic level can be considered concentrated enough that they are able to create a sufficient quantity of long range interactions between the two sides of the discontinuity surface so that a larger amount of energy continue to be transmitted. For values of 2 larger than the critical value the underlying heterogeneities are so dispersed that the long range interactions between the two sides of the discontinuity drastically reduce so resulting in a decrease of the transmitted energy. Clearly if the value of the frequency becomes very large then the springs can elongate of a big amount and the two sides of the discontinuity become so far away that the micro-heterogeneities are not able to create any long range interaction any more and the energy is completely reflected (generalized internal roller) independently on the characteristic second gradient parameter.
Conclusions
The presented results show that it is conceivable to design an experimental method for getting estimates of some second gradient elastic moduli. Indeed, we propose to use a discontinuity surface between two macroscopically homogeneous second gradient solids to perform measurements of reflection and transmission coefficients at this interface: the presented results seem to supply a method for measuring the bulk properties of considered continua starting from these coefficients. The results obtained in the last section of this paper show that the concepts presented here may be of interest as the boundary layer which may arise greatly influences wave transmission and reflection even in the considered simple cases. We assume that the discontinuity surface is the only possible localization of displacement (and normal gradient of displacement) eventual jumps. Moreover we also consider interfaces on which surface elastic energy is concentrated. More complicated discontinuity surfaces may be conceived carrying mechanical properties which may directly influence transmission and reflection coefficients. Even if the investigation of the behavior of such more general discontinuity surfaces is of importance, the simplest discontinuity we considered here seems suitable for the conception of an effective experimentation.
The field of second gradient continuum theories, even if it is attracting much more interest in the last years, still receives some criticism due to the fact that no experimental measurement techniques of second gradient elastic moduli are available in the literature. Performing the proposed experimental indirect measurements by using reflection and transmission of plane waves would undoubtedly be of great scientific and technological interest. Measuring these moduli for a certain class of solids would then be useful as a starting point for further investigations. More complicated subsequent analyses should F o r P e e r R e v i e w involve the study of structured interfaces between second gradient solids, or permeable and impermeable interfaces between different porous media in presence of Darcy-type fluid flow, or interfaces between damaged and undamaged solids.
Finally, we want to state that a very strong indication of the potential utility of the proposed analysis is given by the experimental evidence obtained by [62] . The experimentally measured dependence of the reflected and transmitted signals at the "prepared" surface between dentine and surrounding fluid greatly resembles the dependence which we have obtained theoretically for the here treated case of generalized internal roller . The theoretical previsions which we obtain seems closer to experimental evidence than the previsions obtained, starting from a different einsatz, by [62] themselves. Indeed, they assume that: i) the interface is constituted by a Cauchy continuum with space-varying elastic moduli, ii) the dentine can be modelled as a Cauchy continuum. We expect that the development of a model of porous second gradient material saturated by a fluid in contact with a pure fluid through a suitably structured interface should provide a deeper theoretical understanding of aforementioned experimental evidence. 
